On Generating Functions of Generating Trees by Banderier, Cyril et al.
HAL Id: inria-00073011
https://hal.inria.fr/inria-00073011
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
On Generating Functions of Generating Trees
Cyril Banderier, Mireille Bousquet-Mélou, Alain Denise, Philippe Flajolet,
Danièle Gardy, Dominique Gouyou-Beauchamps
To cite this version:
Cyril Banderier, Mireille Bousquet-Mélou, Alain Denise, Philippe Flajolet, Danièle Gardy, et al.. On
Generating Functions of Generating Trees. [Research Report] RR-3661, INRIA. 1999. ￿inria-00073011￿
 
IS
S
N
 0
24
9-
63
99
ap por t  
de  r ech er ch e 
	



 !"#
$	%&

"#
$	
' ( ) *+(,*.-./1032(54 6879(,:;032<=(?>
<A@ ) *+(,*.-B/10C2D(54 E?-F*G*.>
H	IKJMLONPQSRUTWVXJMLYVZJ\[^]_LOJ`VXLONONOVaPbdcfehgicfVXjk`]FlVXNObic[fmnNoQSLORqpnVXRfLOe`Vi[UrsfLONOLOtft!VauNvQXwhbdNOVXjx[
pyQRfLzVXNOV3{3QJhTWIW[Kpnbd|}LORfLvgdc~V{ybicfIdbicWk`PV\QScUMsUQ|}tfe
,  
mWJMLYN	\id
 z ] B
 
	
 !	"$#%	!

&('*)+-,/.02143*56)+756)68"9+-)5:+-,-,75;.=<?>4@AB>56CEDF9HG5:,-<I>/8JK,L02+-1NMK561+L@O5B8"PQ"+-,-+7RR45TS!,U02V<?,-56C:8
M;0W1+YX56,75[Z02)\3]'B84MK<?^_+-1+LA`>"5aZ<I>"'B<I>DY.=5W02>cbdQ40W^_R4@
ef4ghjiahkKl m%nhjoIpqh rtsWu6p7vOpthr
hjwvjx:ryvzIr
{F|Ii;}*s6r~p7WzBh
 s2Yhjwrqu2s
 x6B]s  wIh  hv f h  v f hKo?W2B!l=  prWW l ;*x6uWh{
j*6W m=hjoBh  x6wFptoBuw  hjh{Ih{v  pt}]hvsWoIWhjoIpthjoIwFrt|vh  wExptoKx6ipr~pth{!s6"vsWi;}Ipto*x6ws  pyx:r
sW}`YhvwE{d hxWv f oBs¡Ihs6Bw f h!w  hjh
vs  h{F*sWo*B{¢wsx6osW}BFhvw£6x6o*w f h
}  x6o*v f rthxW2ptoBuwsw f h
oBsBIh;hjo*vs¡Ih{ w f hv f s6p7vh{iTx2Ihpto_w f h¤vsWo*{Fw  z*vw¥pqs2o%s6
w f h;sW}`Yhvw¦ mhjoBh  x§wFptoBuTw  hjh{
rthxW¨ws¤x©xW{Fw(vsWiaBzBwEx6wFptsWos6hjo?zBi¤h  x6wFptsWo%{Fh2zBhjo*vh{ªF{FsWi¤hjwFpti¤h{d£?wOsh«BIr~p7vOpqwUs  i;zB¬
r7x6hTx2{=­®hr~rU¯­ f prth¤  s:2p72ptoBu°h±vOpqhjoIw  x6o*Is2i²uWhjoBh  x6wFptsWoxrtuWs  ptw f iT{d¦³©o´w f py{ *x6*h  £
­hapqoIWh{Fw¥pquIx6wh[w f h  hr7x6wFptsWo*{ f ptµ}]hjwY­hjhjo¶{Fw  z*vwz  xr  sW]h  wFpth{;s6(w f h  zIrth{¤Ih·*oIptoBu
{Fz*v f w  hjh{x§o*´w f h  x6w¥pqs2o*xr~pqwF|W£xrtuWhj}  x:pyvOptwF|W£s  w  x6o*{Ovhjo*Ihjo*vhTs6(w f hvs  h{F*sWo*2ptoBu
uWhjoBh  x6wFptoBu¤UzBo*vwFptsWo*{j¦
ª  x§*h  ws°x§B*hx  ptoµw f h  s¡vhjh2ptoBu?{;s§w f h¹¸
sWoIUh  hjo*vh%º4»W¼½;¾W¿!À®»WÁÂ¼¤ÃÂ¼Ä7ÂdÅT¾WÆ]ÇÈ ¿ÊÉ2Â:Ëj¼F¾WÄ-Ì[Í
»W½¤ËjÄ-Æ*¾2ÎU»W¼EÄ-ÌjÅ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ws  p7xrÞhjoIzBi¤h  x6wFptsWo4¦
ßLà;áâFãFäå áâæçqãYè-éê
ë R~LYjflV3TWVyJ`V\MsfVXJhMsfVì©í
îïìmðî b Zgdc~VXRUhbicfJ`j
pnbd|qQSLORfVTWVñbdNOcU V\Qc[Wî bfXgicfVXRUhbicfJ`jx[^PrFEòóf[WôõfEóö(÷  H n4ø ímcù H	V\TWV¥úTûu~J QSRUhVEü
 lVXNxlVXtfs~bdRfVýIûUööüòfödþö=óó}d!ÿ  lVXNxlV\hbitfLOVýûLööüòf(öiþöóööò
 
	
 
	"	!©	
	;	
; 
	 
Ö¡Ö´ ¸
h  wEx:pqoBh{!iµnhjw f sBIh{
ÑFnhjo?zBiµnh  x6wFptsWo¤ÑÊs2}BYhjw{®vs2i}Ipto*x6wOs6p  h{!zBwFp~rp7{FhjoIwIh{
x  }  h{ pqoI·*oIp7{j£s2zðx  }  h{;Ihu/nhjonh  x6wFptsWo4£WzIp  nh{FzBi¤hjoIwBx6o*{ rthjz  {;}  x§o*v f h{;hjwKrthjz  {
oBsIhjz*B{arth{Tv f s6p~«µx:pqw{Krts  {¤Ih¨ryx unhjo®nh  x6w¥pqs2o Ih{¤s2}BYhjw{j¦h{[x  }  h{aIh%unhjo®nh  x6w¥pqs2o
vsWo*IzIp7{FhjoIw gx´Ih{[xrtuWs  ptw f iah{TIh_vjxr7vzIrIh{T{FzIptwh{[Ih°!nhjoBsWi;}  hji¤hjoIwTxpto*{ p2zBh°Ih
unhjo®nh  x§wFptsWo xrjnhx§ws6p  hT2zIp{FsWoIw  x6Ip7Ih{j¦(s2z*{´nhjwz*2ptsWo*{Krth{Kr~pthjo*{;hjoIw  h[rth{K  sW  pjnhjwBnh{
{Fw  z*vwz  hr~rth{;Ih¤whr7{x  }  h{j£4s2z´IrtzBwsWwIh{{¥|¡{Fw ghji¤h{Ih ghju6rth{xW{{¥s¡vOpjnh{d£4hjw=r7xo*x6wOz  h
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{Inh  pthunhjonh  x6w  pyvhWzIpWrthjz  vs O h{F*s2o*
vhjwwOhT{Inh  pqhµnhjoIzBi gh  hKrth{oz*B{;Ih[oIptWhx6zµIsWoBo®nh¤IharÑ x  }  hW£!Ä yÂ!y£rth{KsW}BFhjwE{Ih¤wEx:pr~rth
IsWoBonhjhW¦
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{ VXRfVXJhQj`LOR B jMJ`VXVZeqTWVXehhJ`LDC!V  bdRWdVXR~LYVZRKjMNOIBhVXJMj QSLYREQS| LONOLOVXeyb>E hbd|/C~LYR!Qj`biJ`LvQNbFCdwhV\hjMeEýV\QdMs
RfbfTWV3b>E	j`sfV#j`JMVXV  bdJ`JMVXe`t!bdR!TWe3j`b_QR%bFCdwhV\hjx[QR!T_j`sfVCfJ QSRUMs NOV\QiTWLOR Bj`b}j`sfV#RfbfTWV#VXRUhbfTWVXeyjMsfV
`s~bdLvhVXe|qQiTWVLOR3j`sfVhbiRfe`jMJ`cUhjMLObdRb>E!j`sfV	bGCdwhVxhjIH{yVXRfVZJ QjMLOR Byj`J`VZVXeNOV\QdT j`baQJEQSe`jhbd|}tfcfj QSj`LObdRybAE
VXRWcf| VXJhQjMLYbiRye`V\gicfVXR!hVXeû eMbd|}VXj`LO| VZe\[XjMbyVFúftfNOLo LYjKE bdJM|cfNvQVQeML	VXNONtüNLsfLONOVtfJMbKLvTWLOR BnV.OqhLOVXRWjJ QSRWk
TWbd|4BdVXRfVZJ QjMLObdR QNDBibdJ`LOjMsf| e0H?ìRjMsfLOetUQStUVXJx[PLVLORWdVZe`j`LDBWQj`VjMsfVJ`VZNoQSj`LObdR~e`sfLOt/C!VXjQLVZVXR eMj`J`c!hj`cfJhQN
tfJ`bitUVXJMj`LOVXenb>E jMsfVyJ`cfNOVXeyTWV.RUR~LYRBe`cUMs_j`JMVXVXeaQSRUT}j`sfVCJ QjMLObdRUQSNYLOjIW[dQNDBiV(CfJ QSLvhLOjIK[biJj`JhQRfehhVXRUTWVZRUhV
b>E jMsfV3hbdJMJ`VXeMtUbiRUTWLOR B*BdVXRfVZJ QjMLOR BSE cfRU j`LObdRfe0H
TVUW 9YXMZ"UW
H	VZJ`j QSLORfVXe|+lVXj`s~b T VXeTK[`lVZRKc~|+lVXJhQj`LObiR TN[ bGCdwhVXjMeahbi|/CfLORUQjMbdLOJ`VZecfj`LONOLOe`VXRWjTWVXeyQJ\C~J`VXeLORPRUR~LYex[Wbdc
QJ\C~J`VXeTWV]BlVXRlVXJhQjMLYbiR[fgicfL!JflVXeMcf| VXRWjTfQR~eNOVXcfJMe^C~J QR!`s~VXeVXj	NYVZcfJ`e	RfbWVXcUTWeNOVXeMsfbdL úSEQLOjMeNObdJ`eTWV
NoQ_BlVXRlVXJhQj`LObiR TWVXe	bGCdwhVXjMeIH4÷&VXeQSJ\CfJMVXeTWV]BlVXRlVXJhQj`LObiR hbdRUT cfLOe`VXRWj3zQ3TWVXeQNDBdbiJ`LOj`s~| VXeTWVXQNvhc~N TWVZe
e`cfLOj`VZe TWVTlVXRfbi|/CfJ`VX|}VXRWjaQSLYR~e`LgicfVTWV/BlVZRlVXJ QSj`LObdR QNxlV\QSj`biLYJMV gicfLe`bdRWjyJ QStfLvTWVXe0Hí bdcfe lVXj`cUT LYbiRfe
NYVZe NOLOVXRfe#VXRWj`JMVqNOVXet~J`bdt~J`L\lVXjflVZee`j`JMcUhjMcfJ`VXNONOVXe_TWV_j`VXNOe QJ`CfJ`VZe\[bictfNOcfj>abdjTWVXeeMIKeMj\zVX|}VXe TWV}J\zV(BiNYVZe
Qe`eMbfhL\lVXe\[VXj3NvQ}RUQjMcfJ`V;ûJ QSj`LObdRfR~VXNONYVi[ QSNbBlV(CfJMLogicfV#bdcj`JhQRfehhVXRUT~QRWj`VEü#TWVNvQ}eflVXJMLOV3BlVZRlVXJ QSj`JMLo VqgicfL
NYVZcfJ3hbdJMJ`VXeMtUbiRUTdchVXjMj`VeflVXJ`LOV.lVXRWcf| zVXJ`V#NOVXeyR eycUTWe3TWV#RfLOdV\QSc TWbiRfRlVTWV#Nf[ QSJ\CfJMVd[MgihkjYhv[!NYVZeabFCdwhVXjMe
TWVyj QLONONOVaTWbiRfRlVXVFH
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n oIrt|w f h{ pti¤Irth{FwvsWi;}Ipto*x6ws  pyx:r¢{¥w  z*vwz  h{ïl r~pioWh}Ipto*x  | {Fw  ptoBu?{j£I*h  i;zBwEx§wFptsWo*{j£Is _prq ¼YÂ pto?2s6rtzB¬
wFptsWo*{=ªÄ yÂ!y£Ipto?2s6rtzBwFptsWo*{(­pqw f oBs;·B«Bh]s6pto?wj¯ïl xWIi;ptw(  s¡Iz*vwIhvsWi¤]s?{ ptwFptsWo*{j¦!³©o¹w f x6wvjxW{¥hW£Bw f h
{Fhjw3sut¹s6®s2}BYhvw{=s6{ pivjhw p7{=p7{FsWi¤s   f p7v;ws%x  s¡Iz*vw;{Fhjw /sutdxy{zt |0}G~.2zt |0}G.,FGzt |I}At ©¦
e ­s%  sW*h  w¥pqh{  h{FzIrtwK  sWi {Fz*v f x°{¥w  sWoBu_IhvsWi¤*sI{x6}Ip~r~pqwF|µ  s2*h  wF| ª&¥¯hjoIzBi¤h  x§wFptsWo´p7{;hx2{F|W£
{ pto*vh[w f h¤vjx  2pto*xr~ptwY| s6s t p7{#} ~ }  GF\} t !ª&\¥¯  x6o*IsWi²uWhjoBh  x§wFptsWo_p7{h± vOpthjoIw{ pto*vhaptw  hIz*vh{ ws
x_{Fh2zBhjo*vhs6  x6o*Is2i²pto*Ihj*hjo*IhjoIw%  x­{=  sWi ptoIwh  :x:ry{d¦_³©oµw f x6w;vjxW{FhW£
x_{ pti¤Irth[ptoI·*oIptwh%w  hjhW£
vjxr~rth´w f h q Æ*Ä j»W¼E½ÝÉ2ÂÆ]Â¼F¾WÎUÄ-Æ?ÉÎU¼FÂÂ;p7{Ihjwh  i;ptoBh_}I|%w f h}0: w f h  sIsWw f xW{Ihju  hjh}F~6£hxWv f s6!ptwE{
}G~=Ih{vhjo*IhjoIwE{ f xW{Ihju  hjh3}G6£Bx6o*{¥ss2o4¦ ef py{w  hjhIh{v  pt}]h{(w f h{¥hWzBhjo*vhs6xr~rÞ*s?{O{ pt}Irqh;v f s§pyvh{
x6o*w f hs2}BYhvw{;s6{ pivjhdw x  h[w f hjoµptoµo*x6wOz  xrvs  h{¥*sWo*Ihjo*vh_­ptw f w f h}  x6o*v f h{as6(rthjoBuWw f w£
s  h2zIpq6xrthjo?w¥rq|µ­pqw f w f hoBs¡Ih{Ks6=uWhjoBh  x6wFptsWo,wðpto¶w f h[w  hjhW¦ ef hu2hjoBh  x6wFptoBu_w  hjhap7{;w f z*{UzIr~rt|
Ih{v  pt}]h%}I|apqw{  sIsWw(Ihju  hjhaª&}G~d¯®x6o*[}I|  hj­  ptwFptoBu  zIrth{j£ f h  hs6/w f h{F*hvOp7xrLs  i%£
ª&}0¯ ª&}0(M~¯*ª&}M~¯GFFª&}M~6¯2 ª.}0M~¯&f|
­ f h  hKw f h;*s6­h  oBsWwEx§wFptsWop7{=z*{Fh¹ws¤h«B  h{{  hj*hjwFptwFptsWo*{j¦Ï`s  pto*{FwEx6o*vh;}Ipto*x  |_{Fw  ptoBu?{d£*]h  i;zBwEx6¬
wFptsWo*{j£`s  Bz  h=ptoIWs6rtzBwFptsWo*{x  hIhjwOh  i;ptoBh}I|
  zqªYkI¯I|ªYkI¯ ªFkI¯*ªYk¡¯\
  zqªE6¯I|Wªk]¯N ªk/ 6¯ G I~0
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
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